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Fig. 4 Convergence history for density and turbulence residuals.

Conclusions
Some modi� cations for the restriction and prolongation process

of multigrid methods have been presented that are necessary for
the simulation of complex supersonic � ow� elds. Damping of the
restricted residual error and blending between a second-order cen-
tral and a � rst-order upwind prolongation enable convergence in
supersonic � ows and resulted in strong reductions in CPU time.
The advantageof this kind of blending is the reduction to � rst-order
prolongationat shock waves only.
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Introduction

G RID generation is an essential part of computational � uid dy-
namics.Structuredmultiblockgrids can already in practicebe

generated into remarkably complex geometries. Grid generation is,
however, a task that demands a major share of the man hours spent
on the � ow solution and that remains a research subject of practical
interest.

In the two-dimensional case, the harmonic map is a diffeomor-
phism. Unfortunately, it seems this result cannot be generalized
to three space dimensions.1 Furthermore, the theorems are for the
continuous map, and it is the discrete approximation that forms
the grid. Yet the harmonic method is in practice very robust. Un-
fortunately, a straightforward application of the Laplace–Beltrami
equation does not allow any control of the grid, but the grid always
becomes evenly spaced in the interior. A common approach is to
add an inhomogeneousterm to the equationand to use this inhomo-
geneous equation, the Poisson equation, for grid generation.2 One
technique for calculating the control terms is to apply an intermedi-
ate parameter domain.3 There are a number of other techniques as
well, in which the Poisson system is applied without any concern
about the regularity of the parameter domain to which the control
terms possiblycorrespond.Methodsbasedon the Beltrami equation
directly, without any control terms, have also been developed. For
example,Dvinskyappliesprede� ned metrics in the physicaldomain
to achieve grid control.4

In the present method, grid clustering is achieved via a clustered
computational domain from which nonuniform difference incre-
ments are calculated in the discretization of the Laplace equation.
The method does not include grid orthogonalization. The gener-
ated grid can be orthogonalizedto the boundary afterward.5 In fact,
anyorthogonalizationrequirementswouldmake thegrid-generation
problem overdetermined.5 Thus, adding an orthogonalization fea-
ture to the method, e.g., by adjusting the computational domain
further, would probably lessen the robustnessof the method.

Grid-Generation Equations
Harmonic maps are extremals of the energy functional.Consider

a harmonic map from the physical to the computational domain.
Suppose the computational space is a Euclidean space equipped
with a Cartesian coordinate system » n . If the physical space is also
a Euclidean space and the coordinate system xn Cartesian, then
the Euler equation for the energy functional reduces to the Laplace
equation. In the case of a nonvanishingJacobian, the Laplace equa-
tion can be transformedso that the curvilinearcoordinatesappearas
independentvariables and the Cartesian coordinatesas dependent2:

gk j @2x¸

@» k @» j
D 0 (1)

Here the gk j are the contravariantcomponentsof the metric tensorof
thecoordinatesystemon the physicalspaceinducedby theharmonic
map.Equation (1) is the grid-generationequationfor two- and three-
dimensional � at domains.

If the physical space is a curved surface in a three-dimensional
Euclidean space, the applicationof the formulas of Gauss yields the
harmonic grid-generationequation on a surface2;6:

gk j @2x¸

@» k@» j
D G.K1 C K2/n

¸ (2)

Received Nov. 26, 1997; revision received Jan. 25, 1999; accepted for
publication Jan. 29, 1999. Copyright c° 1999 by Reijo Lehtimäki. Pub-
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where K1 and K2 are the principal curvatures of the surface, n¸

are the Cartesian components of the local unit normal vector, and
G is the determinant of the covariant components of the metric
tensor on the surface.

Discretization
A natural way to cluster the grid is to allow the boundary point

distribution to carry into the � eld in the grid-generationprocess. To
this end, a clusteredcomputationaldomain is applied.The method is
described here in the two-dimensionalcase. The extension to three
space dimensions is straightforward.

Consider a harmonic map mapping a physical domain to a com-
putationaldomain. The physicaldomain is assumed to have a prede-
termined uneven point distribution on the boundary. Consider then
an even boundary point distributionon the same continuum bound-
ary of the physical domain as the original uneven distribution.One
way to illustrate the map is to draw » , e.g., as a function of x and
y (Fig. 1). The values of » form a surface above the physical do-
main ascending from the grid line of » D »min to the grid line of
» D »max . Because of the maximum principle, this surface has no lo-
cal minima or maxima in the interior. In the even-spaced harmonic
grid, the grid lines of constant » are projectionsof the intersections
of the surface with horizontal planes (Fig. 1). Suppose the surface
is cut with nonhorizontal planes instead that match the predeter-
mined points on the boundaries. Different grid lines from the same
continuous solution are then obtained. For this purpose the compu-
tational space is discretized nonuniformly, as in Fig. 2 (left). The
relative point distribution on the boundary of this computational
domain is copied from the relative boundary point distribution of
the physical domain, and the interior is interpolated.7 This grid is
then used to form nonuniform difference approximations for the
derivativesin Eqs. (1) and (2). Thus, for example, the partial deriva-
tive @x=@» is approximatedby the second-orderaccuratedifference
approximation

@x

@»
i; j

¼
h¡

i; j

2
xi C 1; j C hC

i; j

2 ¡ h¡
i; j

2
xi; j ¡ hC

i; j

2
xi ¡ 1; j

h¡
i; j

2
hC

i; j C hC
i; j

2
h¡

i; j
(3)

Here the hC
i; j and h¡

i; j are the forward and backward difference in-
crements calculated from the clustered computational domain as

Fig. 1 Curvilinear coordinate » as a function of the Cartesian coordi-
nates x and y. A coordinate line of constant » is the projection of the
intersection of the » surface and a horizontal plane.

Fig. 2 Map from the physical domain to the computational domain.

Fig. 3 Hub, blades, a coordinate surface passing through the blade
passage in the middle, and the coordinatesurface connecting the leading
edges of the blades of the NASA 55C fan rotor grid.

hC
i; j D h i C 1; j ¡ hi; j and h¡

i; j D h i; j ¡ h i ¡ 1; j . The clustering of the
resulting grid in the physical domain then follows the clustering of
the nonuniform grid in the computational domain (Fig. 2). Equa-
tions (1) and (2) are solved iterativelywith the successiveoverrelax-
ation (SOR) method, lagging the metric coef� cients. Unfortunately,
when cutting the surface in Fig. 1 with nonhorizontal planes, the
maximum principle, which operates vertically, does not guarantee
a unique preimage for each point of the image. In fact, although
the map satis� es the Laplace–Beltrami equation, it is not harmonic
(to the clustered computational domain) because the Christoffel
symbols on the image do not vanish, and the Laplace–Beltrami
equation is no longer the Euler equation for the energy functional.

Grid Example
In Fig. 3, a 64£ 48 £ 128 cell grid for the NASA 55C fan rotor is

shown. The numbers correspond to the circumferential, radial, and
axial directions, respectively.The rotor has 15 blades, and because
of the axial symmetry, only one blade passage is modeled. The sur-
face grid-generation method is applied on the rotor hub, and the
volume grid is generated with the three-dimensional method. The
volume grid is depicted in the coordinate surface cutting the blade
passagein the middle and in the cross sectionconnectingthe leading
edges of the blades.

Conclusions
A method for the generationof computationalgrids based on the

Laplace–Beltrami equation is presented.Grid clustering is achieved
via nonuniform difference approximations. The difference incre-
ments are obtained from a clustered computational domain inter-
polated from the boundary point distribution. Thus, unlike in the
straightforward application of the Laplace equation, in the present
method the point distribution of the boundary carries over the � eld.
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5Lehtimäki, R., “A Simple Algebraic Grid Orthogonalization Procedure
with Regularity Control,” ComputationalFluid Dynamics ’98. Proceedings



770 AIAA JOURNAL, VOL. 37, NO. 6: TECHNICAL NOTES

of the Fourth European Computational Fluid Dynamics Conference, edited
by K. D. Papailiou, D. Tsahalis, J. Périaux, and M. Pandol� , Vol. 1, Wiley,
New York, 1998, pp. 14–19.

6Warsi, Z. U. A., “Numerical Grid Generation in Arbitrary Surfaces
Through a Second-Order Differential-Geometric Model,” Journal of Com-
putationalPhysics, Vol. 64, No. 1, 1986, pp. 82–96.
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Introduction

U NSTEADY stallphenomenaare the resultof airfoilsand wings
oscillating in pitch and having a maximum angle of attack

greater than the static stall angle. The causes of this delay of stall,
often accompanied with hysteresis in lift and moment coef� cients,
have challengedaerodynamicistsformany years.As noted in theex-
tensive studies by McCroskey1 and McCroskey et al.,2 the nonequi-
librium nature of the separated turbulent boundary layer and the
associated unsteady time-lag features are more dif� cult to analyze.
Thereforean accurateturbulencemodel is required.In theevaluation
of the turbulencemodelsondynamicstall, the renormalizationgroup
theory (RNG) algebriac model has demonstrated the ef� ciency and
reasonableaccuracyof the work of Srinivasanet al.3 In the previous
work,4 the family of advection upwind splitting method (AUSM)
schemes, together with the RNG-based algebraic model, is used
for several steady-state and oscillating NACA 0012 airfoil � ows.
It was shown that AUSMD with a weighting function based solely
on the density was robust and stable for the problem considered.
Whereas in the light stall case numerical estimation of unsteady
airload hysteresiswas satisfactory, the deep dynamic stall case was
not predictedsuccessfullyby the RNG-based algebraicmodel used.
To continue this effort, two RNG-based algebraicmodels5;6 and one
RNG-based k-² model7 are selected for the present investigationof
the deep stall case. Numerical results of one deep stall case of the
NACA 0012 airfoil are compared with the experimental results of
McCroskey et al.2

Numerical Models
The two-dimensional, Reynolds-averaged,Navier–Stokes equa-

tions with the kinetic energyand dissipationequationsare written as

@Q
@t

C @F
@x

C @G
@y

D @Fv

@x
C @Gv

@y
C S (1)

where x; y, and t are the Cartesian coordinatesand time, Q the vec-
tor of the dependentvariables, and F and G convective � ux vectors.
Also, the viscous � ux vectors are represented by Fv and Gv . In the
implementation of the algebraic turbulence model, the kinetic en-
ergy and turbulencedissipationequationsare not consideredand the
source term S is neglected. The governing equations are integrated
with a dual-time-stepping procedure and discretized in the � nite
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volume formulation with the AUSMD scheme. A second-order-
accurate, three-point backward differencing is implemented for the
physical time discretization,and a four-stage explicit Runge–Kutta
scheme is implemented for the pseudotime evolution of solutions
between the physical times.

RNG Turbulence Models
In the � rst RNG-based algebraic turbulencemodel, the eddy vis-

cosity is expressed in the following formula:

º D ºt C ºl D ºl 1 C H
0:0192

º3
l

²L¡4 ¡ C

1
3

(2)

where the subscriptsl and t refer to the laminar viscosityand turbu-
lent viscosity, respectively; C D .100/ is the RNG constant; and
H is the Heaviside step function.The length scale L is evaluated as

L D 1
y

C 1
0:225±

(3)

The thickness parameter ± is de� ned as ± D 1:2y1=2 (Ref. 5),
where y1=2 is the normal distance from the wall at which the vortic-
ity function attains its half-amplitude. The near-wall turbulence is
reduced by implementing a dissipation rate ²:

² D 2:5u3
¿

y
1 ¡ exp ¡0:04½u¿ y

¹l

(4)

where u¿ is the friction velocity.
In the so-called RNG algebraic Q4 model,6 the eddy viscosity

equation is obtained from a quartic equation:

Q4.º/ D º4 C .C ¡ 1/º3
l º ¡ .· 2Ä`2/4 D 0 (5)

where C D .100/ is the constant, · the von Kármán constant,
and Ä the vorticity function. This quartic equation has only one
physically plausible root and is solved under the constraint º D
max.º; ºl /. In the determinationof the length scale appearing in the
quarticequation, L D min.y; ° ymax/ is used by means of thenormal
distance ymax and the intermittency coef� cient ° .

The RNG-based k-² model7 is also considered. An extra term R
in the source term is required:

R D
Cu´3.1 ¡ ´=´0/

1 C ¯´3

²2

k
(6)

where ´ D wk=², w is the magnitude of the rate of strain, and
Cu D 0:0845.

The eddy viscosity is given by

ºt D ºl 1 C Cu=ºl k=
p

²
2 ¡ ºl (7)

Results
Two separated-�ow cases of the NACA 0015 airfoil at high an-

gles of attack are selected to evaluate the RNG turbulence models.
The relevantparameters are M1 D 0:3; Re1 D 3 £ 106 , and ® D 13
and 17 deg, the conditions reported in Ref. 4. Figure 1 compares
the pressure coef� cients from the computed and experimental re-
sults. In the mildly separated case (® D 13 deg), the RNG-based
algebraic model and the Q4 model give consistent surface pressure
distributions that are also in close agreement with the data. How-
ever, the RNG k-² model shows excessive numerical dissipationby
smearing out the pressure coef� cient distribution around the lead-
ing edge of the airfoil. In the strongly separated case (® D 17 deg),
the RNG model with the damping dissipation rate [Eq. (4)] gives a
more reasonablepredictionof the quasi-unsteadysurface pressures
than the other two RNG models. It is seen that the overall pres-
sure coef� cients are underpredictedby the RNG k-² model but also
additional computation cost is incurred. Among the selected RNG
turbulencemodels, the RNG algebraicmodel with the damping dis-
sipation function is shown to be the most cost effective in providing
accurate solutionsto the steady- and quasi-unsteady-statetest cases.


